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Abstract
We review recent development of solution-generating techniques for four and five-
dimensional Einstein equations coupled to vector and scalar fields. This includes
D=4 Einstein-Maxwell-dilaton-axion theory with multiple vector fields, D=5 Einstein-
Maxwell gravity with the Chern-Simons term (minimal five-dimensional supergravity),
and some other models which attracted attention in connection with black rings. The
method is based on reduction to three-dimensional gravity coupled sigma-models with
symmetric target spaces. Our recent results open a way to construct the general charged
black rings in five-dimensional supergravity possibly coupled to vector multiplets.
∗) An updated version of the talk given at ICGA8 and published in the Proceedings: Prog. Theor. Phys.
Suppl. 172 (2008) 121-130
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§1. Introduction
To find exact solutions of the Einstein equations is a formidable task already in four
dimensions, not to say about higher-dimensional gravity/supergravity theories. The system
is non-separable, so usually one chooses a certain ansatz for the metric to obtain a truncated
system suitable for integration. The choice of the ansatz is based on the assumption that
the desired solutions possess some isometry group. Assumption of the symmetry means
that all the unknown functions depend on a number of variables smaller than the initial
dimension D of the space-time. This leads to dimensional reduction of Einstein equations
to a lower-dimensional system involving additional vector and scalar fields. An especially
fruitful technique is based on the assumption of an Abelian isometry group of the rank D−3.
This gives rise to the toroidal reduction to three dimensions, where vector fields (and higher
rank antisymmetric forms, if present) can be dualized to scalars, and one obtains three-
dimensional gravity coupled to the set of purely scalar fields. The remarkable feature of
vacuum gravity in any dimension as well as the bosonic sectors of ungauged supergravities
is that these scalar fields form sigma-models on coset spaces. The residual of the diffeo-
morphism group acting in the reduced dimensions together with symmetries of the vector
multiplets combine into an enhanced duality group of global symmetries, often termed as
“hidden symmetries”. The existence of hidden symmetries gives rise to a variety of tools
like generation of new solutions from known ones, construction the BPS solutions as null
geodesics of the target spaces, and derivation of two-dimensional integrable systems.
Hidden symmetry SL(2, R) of the four-dimensional vacuum Einstein gravity reduced to
three dimensions was discovered by Ehlers,1) the corresponding two-dimensional integrable
systems were explored in a number of papers2), 3) (see for a review4)–6)). The group SL(2, R)
is always present as a part of hidden symmetries of more complicated systems, so it remains
an ingredient of generating techniques for them too. The next in complexity is the four-
dimensional Einstein-Maxwell (EM) theory (or bosonic part of D = 4, N = 2 supergravity).
A novel feature is presence of the Harrison transformations which generate charged solu-
tions from neutral ones8)–12) . Vacuum gravity in five and higher dimensions was studied
along the same lines in13), 14) . Later it was realized that various higher-dimensional super-
gravities also lead to the three-dimensional gravity coupled sigma-models with symmetric
target spaces15)–18) . A very convenient dimensional reduction scheme was elaborated in19)
(see also20)) for the toroidal reduction of maximal supergravities originating from eleven-
dimensional supergravity. It allows to obtain the Cartan-Weyl root system of the hidden
symmetry group directly in terms of the so-called dilaton vectors — the coefficients of the
dilatonic exponents emerging in the dimensional reduction.
2
Three-dimensional sigma models resulting from supergravities are quite complicated
generically, so the possibility of their application for solution generation is rather lim-
ited. Meanwhile some physically interesting truncated systems other than vacuum and
D = 4 electrovacuum were discovered which are relatively simple and lead to manageable
models. One such system is the D = 4 Einstein-Maxwell-dilaton-axion (EMDA) gravity
which is a truncated version of the N = 4 supergravity (or toroidally compactified heterotic
string theory)21)–24) . It contains one Maxwell field and two massless scalar fields (dilaton
and axion) and leads in three dimensions to the sigma-model with the global symmetry
SO(2, 3) ∼ Sp(4, R). It admits a representation in terms of 4×4 matrices which can be split
into the 2 × 2 blocks. It also allows for Ka¨hler representation in complex variables similar
to Ernst potentials in vacuum and electrovacuum D = 4 gravity. This representation can be
generalized to the EMDA gravity with an arbitrary number of vector fields25) . Especially
interesting is the case of two vector fields which gives rise to a quaternion analog of the Ernst
potential26) .
Recent interest to black rings (for a review see27)) stimulated investigation of hidden
symmetries of five-dimensional gravity coupled to vector fields. Somewhat unexpectedly, five-
dimensional Einstein-Maxwell gravity does not possess non-trivial hidden symmetries which
can generate charges (the isometry group of the target space of the corresponding three-
dimensional sigma-model is solvable). This explains why no analytic solutions are known
for charged rotating black holes in this theory. However there exist more complicated five-
dimensional gravity theories with vector fields which possess non-trivial hidden symmetries
containing charging (Harrison) transformations. One of them corresponds to dimensional
reduction of six-dimensional vacuum gravity to five dimensions. It contains a Kaluza-Klein
vector field and a dilaton, the hidden symmetry being SL(4, R). A matrix representation for
this theory similar to that for EMDA was constructed in29) . The second is five-dimensional
minimal supergravity whose bosonic sector is the Einstein-Maxwell theory with the Chern-
Simons term30), 31) . The presence of the latter leads to a non-trivial hidden symmetry
realized by an exceptional group G2(2) (the non-compact version of G2)
32), 33) . A detailed
study of the corresponding three-dimensional sigma-model was performed in34) (see also35)).
A more general five-dimensional model containing three vector and two independent scalar
fields arising in some truncated toroidal reduction of D = 11 supergravity is often invoked
in the discussion of black rings27) . As we have shown recently,36) the hidden symmetry in
this case is SO(4, 4).
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§2. D=4
2.1. Ehlers group SL(2,R)1)
Consider vacuum Einstein equations Rµν = 0. For stationary metrics admitting a time-
like Killing vector field, LKgµν = 0, K = ∂t, the line element can be presented as
ds2 = −eξ(dt+ ωidxi)2 + e−ξhijdxidxj, (2.1)
where the scalar ξ, the three-vector ωi and the three-dimensional metric hij depend only
on spatial coordinates xi. Then the equations of motion coincide with those of the three-
dimensional gravitating non-linear sigma-model
Sσ =
∫ [
R3(h)− GAB(Φ)∂iΦA∂jΦBhij
]√
hd3x, (2.2)
with two scalar fields ΦA = (ξ, χ), where the twist potential χ is related to the one-form
ωi by the dualization equation dχ = −e2ξ ∗ dω, and the target space is a coset space
SL(2, R)/SO(1, 1), the corresponding metric being
dl2 = GABdΦA∂ΦB = 1
2
(
dξ2 + e−2ξdχ2
)
. (2.3)
Now the initial four-metric gµν is presented by the three-metric hij and two ”matter” fields
ξ, φ, the field equations being invariant under the Ehlers group SL(2, R) acting transitively
on the target space as an isometry: ξ, χ → ξ′, χ′. So starting with some solution gµν =
{hij, ξ′, ω′} one can find another set ξ′, χ′. Dualizing back χ′ to ω′i one obtains a new 4D
solution with the same three-metric gµν = {hij, ξ′, ω′}. Three SL(2, R) transformations
consist of
i) twist shift (gauge) χ→ χ+ λg,
ii) scaling ξ → ξ + λs, χ→ eλsχ,
iii) proper Ehlers transformation (χ− ieξ)−1 → (χ− ieξ)−1 + λE,
the last one generating the Taub-NUT metric from Schwarzschild.
Similarly, vacuum gravity in D dimensions has hidden symmetry SL(D − 2, R)14) .
2.2. Einstein-Maxwell
The sigma-model representation can be derived for 4D gravity coupled to a massless
vector field S = − 1
16pi
∫
(R + F 2)
√−g d4x. With the assumption of stationarity, the µ = i
component of the Bianchi identity ∂ν(
√−gF˜ µν) = 0 is satisfied introducing the electric
potential Fi0 = ∂iv, while the µ = i component of the Maxwell equation ∂ν(
√−gF µν) = 0 is
solved by introducing the magnetic potential u: F ij = e
ξ√
h
ǫijk∂ku. The remaining components
of F µν can be expressed in terms of v and u, so a vector field is reduced to two scalars. The
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resulting 3D sigma-model is especially simple in the static case ωi = 0 = χ. Then the full
Einstein-Maxwell system splits into independent electric and magnetic sectors. In the electric
case one obtains SL(2, R)/SO(2) sigma-model with the target metric dl2 = 1
2
dξ2−e−ξdv2, in
the magnetic case dl2 = 1
2
dξ2−e−ξdu2. Thus we deal again with the SL(2, R) transformations
acting on ξ, v or ξ, u. The last one, iii), now is the Harrison transformation generating
charged solutions from uncharged ones. Taking the Schwarzschild solution as a seed, one
can construct the Reissner-Nordstro¨m solution.
For a general stationary EM system one gets the four- dimensional target space with the
signature (+ +−−):
dl2 =
1
2
[
dξ2 + e−2ξ(dχ+ vdu− udv)2]− e−ξ(dv2 + du2), (2.4)
which is the coset space SU(2, 1)/S(U(1) × U(1))9) . Complex Ernst potentials2), 9) Φ =
1√
2
(v + iu), E = eξ + iχ + ΦΦ∗ realize a non-linear representation of SU(2, 1), whose action
consists of three gauge (shifts of χ, v, u), an electric-magnetic rotation, a scaling, two charging
Harrison transformations
Φ→ Φ+ cE
1− 2c∗Φ− |c|2E , E →
E
1− 2c∗Φ− |c|2E , (2
.5)
and Ehlers transformation Φ→ Φ(1 + iγE)−1, E → E(1 + iγE)−1 where c is complex and γ
is real parameters.
2.3. EM-Dilaton
Adding a dilaton with an arbitrary coupling
S =
1
16π
∫ (−R + 2(∂φ)2 − e−2αφF 2)√−g d4x, (2.6)
one obtains the target space
dl2=
1
2
[
dξ2+e−2ξ(dχ+vdu−udv)2]+2dφ2−e−ξ(e−2αφdv2+e2αφdu2). (2.7)
It is a symmetric space only for α2 = 0, 312) . In the first case we have EM + a decoupled
scalar, in the second – a compactified 5D vacuum gravity (Kaluza-Klein), in which case the
isometry group is 8-parametric SL(3, R). For other α the isometry group is a 5-parametric
solvable group not containing Harrison-Ehlers transformations.
It is worth noting, that contrary to vacuum gravity, the Einstein-Maxwell theory inD > 4
does not possess semi-simple hidden symmetries.
2.4. EM-Dilaton-Axion
The previous model has only a discrete electric-magnetic duality. Adding an axion κ
we obtain the EMDA model (a truncated N = 4 supergravity) which possess a continuous
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SL(2, R) electric-magnetic symmetry
S =
1
16π
∫ {
−R + 2∂µφ∂µφ+ 1
2
e4φ∂µκ∂
µκ− e−2φFµνF µν − κFµνF˜ µν
}√−g d4x, (2.8)
where F˜ µν = 1
2
EµνλτFλτ , F = dA . The resulting target space is the 6-dimensional coset
Sp(4, R)/(SO(2)× SO(1, 2)):21)–24)
dl2=
1
2
[
dξ2+e−2ξ(dχ+ vdu− udv)2 +e4φdκ2]+ 2dφ2 − e−ξ [e−2φdv2+ e2φ(du− κdv)2]. (2.9)
Its isometry group Sp(4, R) ∼ SO(3, 2) consists of three gauge, one scale, three SL(2,R)
S-duality, two Harrison and Ehlers transformations (altogether 10). All isometry transfor-
mations are known algebraically.
§3. Matrix methods
To find symmetry transformations explicitly one can use an appropriate matrix repre-
sentative M = M(Φ) of the coset, so that the target space metric is presented as
dl2 = GAB dΦAdΦB = −kTr
(
dMdM−1
)
. (3.1)
One-parametric subgroups Gλ = e
λK¯ corresponding to the Killing vector K (K¯ being the
relevant matrix generator) act on M as M ′ = G−1λ MGλ . Then the transformation of the
potentials can be read off from the relation M ′(Φ) = M(Φ′). For EMDA, M is given by a
symmetric symplectic 4× 4 matrix:23)
M =
(
P−1 P−1Q
QP−1 P +QP−1Q
)
, (3.2)
where P and Q are the real symmetric 2× 2 matrices
P = −e−2φ
(
v2 − e2φ+ξ v
v 1
)
, Q =
(
vw − χ w
w −κ
)
, (3.3)
w = u− κv. Further simplification consists in presenting ten Sp(4,R) isometries as SL(2,R)
transformation acting on 2x2 complex matrices Z = P + iQ
Z =
(
E Φ
Φ −z
)
,
z = κ + ie−2φ, Φ = u− zv,
E = ieξ − χ+ vΦ, (3
.4)
where the quantities Φ, E can be viewed as the EMDA Ernst-type complex potentials.
Isometry transformations consist of shift and scaling of Z, and shift of 1/Z:
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Z → Z +B, B =
(
g m
m −b
)
, Z → ATZA, A =
(
es he
−e ea
)
, (3.5)
1
Z
→ 1
Z
+ C, C =
(
cE hm
hm −c
)
. (3.6)
Real parameters correspond to: g, s – gravitational gauge, e,m – electric and magnetic
gauge; a, b, c – SL(2, R) S-duality, he, hm – electric and magnetic Harrison transformations,
cE – Ehlers transformation. SL(2, R) S-duality was the symmetry of the 4D theory, acting
on the axidilaton z and the Maxwell field, now it is incorporated into the 3D U-duality group
Sp(4, R).
Further simplification comes from the fact that the target space (2.9) admits Ka¨hler
complex parametrization zα, α = 0, 1, 2 with z0 = E − z, z1 = u − vΦ, z2 = E + z. The
Ka¨hler target space metric is constructed from the Ka¨hler potential:
Gαβ¯ = ∂α∂β¯K(zα, z¯β), K = − lnV, V = ηαβImzαImzβ = eξ−2φ, (3.7)
where ηαβ = diag(−1, 1, 1). This construction can be directly generalized to the case of
an arbitrary number p of vector fields introducing additional complex coordinates zn =
un− zvn ≡ Φn, n = 1, . . . , p. Remarkably, the Ka¨hler potential remains the same V = e ξ−2φ
being expressed in terms of the real quantities,25) though its realization in complex variables
now involves the metric ηαβ = diag(−1, 1, ..., 1), α, β = 0, 1, ..., p + 1. The target space
of EMDA with p vector fields is the coset SO(2, 2 + p)/ (SO(2)× SO(p, 2)), its matrix
representation is realized by (p+ 4)× (p+ 4) matrices.
The case p = 2 is exceptional: due to isomorphism SO(2, 4) ∼ SU(2, 2), the 4 × 4
representation is possible instead of the expected 6× 6. It is generated by the 2× 2 complex
matrix Z in the same way as before, but now with a generic Z incorporating four independent
complex potentials:26)
Z =
(
E Φ1 − iΦ2
Φ1 + iΦ2 −z
)
. (3.8)
Moreover, the target space metric can be directly expressed through Z as follows
dl2 = −2Tr
{
dZ
(
Z† − Z)−1 dZ† (Z† − Z)−1} , (3.9)
while the symmetry transformations are again (3.5, 3.6). This realizes the quaternion
SL(2, Q) representation of SU(2, 2). Complex quaternion coordinates can be read from
an expansion of Z in terms of Pauli matrices Z = z0I2 + z
aσa.
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§4. D=5
4.1. Black rings
Recent interest to exact solutions in five-dimensional gravity is related to possibility
of topologically non-spherical stationary asymptotically flat black holes, with the S1 × S2
topology of the event horizon27) . While in 4D the uniqueness theorems imply that the most
general stationary black hole is Kerr for vacuum and Kerr-Newman for electrovacuum (both
with S2 horizon topology), in 5D it is not so. It is possible that black holes with the horizon
topology S1×SD−3 exist for any D. The most general non-singular 5D black ring is a three-
parametric solution endowed with a mass and two independent rotation parameters28) . The
most general charged black ring in 5D gravity coupled to a single Maxwell and possibly scalar
fields should be five-parametric, with an electric charge and a magnetic dipole moment as
additional parameters. Such solution is still unknown. Another interesting model includes
three vector and two independent scalar fields, within this theory a nine-parametric solution
should exist (also unknown).
This stimulates further investigation of 5D theories which lead to 3D sigma-models on
symmetric spaces. Somewhat unexpectedly, pure Einstein-Maxwell theory in 5D generates
only trivial (solvable) hidden symmetry algebra. Two other theories which possess non-trivial
hidden symmetries are discussed below.
4.2. 5D EM-dilaton (Kaluza-Klein)
Compactifying 6D vacuum gravity on a circle, one obtains 5D Einstein-Maxwell-dilaton
theory with the Kaluza-Klein dilaton coupling α2 = 8/3:
S5 =
∫
d5x
√−g5
{
R5 − 1
2
(∂φ)2 − e
−αφ
12
H2
}
, (4.1)
where φ is the dilaton and H = dB is an antisymmetric three-form dual to the KK vector
in 5D. This model obviously have the SL(4, R) hidden symmetry in 3D. It is instructive to
present it in a form similar to that of 4D EMDA29) . In fact, in 4D this action contains two
vector and three scalar fields, differing from EMDA with two vector fields by presence of
an additional scalar ψ, as well as by different interaction structure. The target space of the
corresponding 3D sigma-model has the line element
dl2 =
1
2
(
dξ2 + e−2ξ
[
dχ+
1
2
(vadua − uadva)
]2)
+
1
2
dφ2 +
1
4
dψ2 +
1
2
e2φdκ2
−e
−ξ
2
[
eψ−φdv21 + e
−ψ+φ(du1 − κdv2)2 + e−ψ−φ(dv2)2 + eψ+φ(du2 − κdv1)2
]
, (4.2)
where a = 1, 2. This is the metric of the symmetric space SL(4, R)/SO(2, 2). As the coset
representatives one can choose the symmetric SL(4, R) matrix
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M =
(
P−11 P
−1
1 Q
QTP−11 P2 +Q
TP−11 Q
)
, (4.3)
where Q is a real 2×2 matrix and P1, P2 are symmetric matrices with the same determinant.
This matrix can be regarded as a generalization of the EMDA Sp(4, R) matrix to which it
reduces for P1 = P2 and Q
T = Q. Now we have
P1 = e
ψ/2
(
eξ−ψ − (v1)2e−φ −v1e−φ
−v1e−φ −e−φ
)
,
P2 = e
−ψ/2
(
eξ+ψ − (v2)2e−φ −v2e−φ
−v2e−φ −e−φ
)
, Q =
(
1
2
µ− χ u2 − κv1
u1 − κv2 −κ
)
, (4.4)
where µ = v1 (u1 − κv2) + v2 (u2 − κv1) . Transformations M → GTMG with constant G ∈
SL(4, R) can be presented by its action on 2x2 matrices P1, P2, Q similarly to the above
quaternion form of SU(2, 2)29) .
4.3. 5D minimal supergravity
Another symmetric model is minimal 5D supergravity containing in addition to the
Maxwell term also the Chern-Simons term. This enlarges the hidden symmetry of the theory,
the 3D U-duality being the non-compact form of the exceptional group G2. Five-dimensional
minimal supergravity contains a graviton, two symplectic-Majorana gravitini (equivalent to
a single Dirac gravitino), and a U(1) gauge field. The bosonic part of the Lagrangian is very
similar to that of D = 11 supergravity:
S5 =
1
16πG5
[∫
d5x
√−g
(
R− 1
4
F 2
)
− 1
3
√
3
∫
F ∧ F ∧ A
]
, (4.5)
where F = dA. This action can be obtained as a suitably truncated Calabi-Yau compactifi-
cation of D = 11 supergravity. Its reduction to 3D leads to the sigma model on a symmetric
space G2(2)/(SL(2, R) × SL(2, R))32), 33) . The corresponding generating technique was de-
veloped in.34) The target space metric reads (v1, u1 being KK, v2, u2 – Maxwell potentials)
dl2=
1
2
{
dξ2 + e−2ξ(dχ+v1du1+v2du2)
2 + 3
(
dφ2+e2φdκ2
)− e−ξ[e−φ (dv2+√3κdv1)2
+e−3φdv21 + e
3φ
(
du1+κ
3dv1−
√
3κ(du2−κdv2)
)2
+ eφ
(
du2−2κdv2−
√
3κ2dv1
)2]}
. (4.6)
This is the metric on the coset G2(2)/(SL(2, R) × SL(2, R)). Note that the number of
variables is 8, the same as for 4D EMDA with two vector fields. However, the isometry
group is 14-parametric (15 parametric for EMDA). The matrix representation can be given
either in terms of 7× 7 or 8× 8 matrices corresponding to embedding of G2(2) into SO(3, 4)
or SO(4, 4). In the first case
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M =


A B
√
2U
BT C
√
2V√
2UT
√
2V T S

 , (4.7)
where A,B,C are 3 × 3 matrices and U, V are 3-columns, whose explicit form is given
in34) . This matrix realizes a noncompact coset G2(2)/(SL(2, R)×SL(2, R)). In spite of being
rather complicated, this representation opens a way to construct new solutions acting on this
matrix by one-parametric subgroups of G2(2) which are easily found by exponentiating the
generators. The fourteen transformations include five gauge, one scale, three S-duality, four
Harrison and Ehlers transformations. A charged rotating 5D black hole with two rotation
parameters was generated in34) from the solution28) as a seed. It is plagued with a conical
singularity. To get a regular charged doubly rotating solution one should start with a more
general doubly rotating vacuum ring solution37) with non-compensated conical singularity.
4.4. 5D SUGRA with vector multiplets
More general models of this type containing multiple U(1) vector fields give rise to black
rings with many electric and dipole charges. One popular model leading to three-charge
black rings contains three vector and three scalar fields subject to a constraint:
S =
1
16πG5
∫ (
R5 ⋆ 1− 1
2
GIJ
(
dXI ∧ ⋆dXJ − F I ∧ ⋆F J)− δIJK
6
F I ∧ F J ∧AK
)
, (4.8)
where GIJ = diag ((X
1)−2, (X2)−2, (X3)−2) , FI = dAI , I, J,K = 1, 2, 3, and δIJK = 1,
if I, J,K is a permutation of 1,2,3, and zero otherwise. 3D reduction of this theory leads to
the sigma model on the homogeneous space SO(4, 4)/SO(4)×SO(4) or SO(4, 4)/SO(2, 2)×
SO(2, 2) depending on the signature of the three-space. A 8×8 matrix representation which
can be used for solution generating purposes was constructed36) . It opens a way to find
the nine-parametric charged black ring in five dimensions. An identification of the three
vector fields AI with the corresponding contraction of the scalars XI returns us to the
G2(2)/(SL(2, R)× SL(2, R)) sigma model of the previous section.
§5. Conclusions
We have reviewed the main ideas of solution generating techniques based on dimensional
reduction to three-dimensions and presented some new sigma-models which can be used
to construct charged black holes and black rings in five dimensions. These models can be
further reduced to two dimensions giving new integrable systems based on G2(2) and SO(4, 4)
groups.
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